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Modelling clustered survival data from multicentre
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SUMMARY

In randomized clinical trials, subjects are recruited at multiple study centres. Factors that vary across
centres may exert a powerful independent influence on study outcomes. A common problem is how
to incorporate these centre effects into the analysis of censored time-to-event data. We survey various
methods and find substantial advantages in the gamma frailty model. This approach compares favourably
with competing methods and appears minimally affected by violation of the assumption of a gamma-
distributed frailty. Recent computational advances make use of the gamma frailty model a practical and
appealing tool for addressing centre effects in the analysis of multicentre trials. Copyright © 2004 John
Wiley & Sons, Ltd.
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1. INTRODUCTION

In randomized clinical trials, subjects are recruited at multiple study centres. The multi-
centre design can provide adequate sample sizes and enhance generalizability of study results.
However, factors that vary by centre, including patient characteristics and medical practice
patterns, may exert a powerful influence on study outcomes. Such centre effects potentially lead
to clustering, or dependence between outcomes at each centre. If these effects are sufficiently
powerful, then inferences that ignore the clustering can be seriously misleading. Data analysts
must choose when and how to incorporate centre effects into the analysis.

These issues have been addressed in the context of clustered continuous or binary response
data [1-8]. This paper discusses options for the analysis of clustered time-to-event data. We
review various approaches and call particular attention to the utility of random effects or frailty
modelling. Frailty modelling provides a flexible, efficient framework for accommodating centre
effects in a variety of practical settings.
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Issues that arise in the analysis of multicentre clinical trials include: (i) the detection of
centre effects, (ii) estimation of a common treatment effect in the presence of centre effects,
(iii) estimation of centre effects, and (iv) addressing treatment-by-centre interaction. This paper
will review existing approaches, present the results of simulations comparing several of these
methods, and point to areas where further development is needed.

1.1. Data and notation

Suppose that we observe censored time-to-event data from a study with K clusters (or cen-
tres) and n; subjects per cluster (k=1,...,K), so that N :Zszlnk is the total sample size.
Let Ty; be the latent failure time with Cj; denoting the censoring time for subject i in cluster
k. Also assume we observe a p-dimensional vector of covariates Z;;. Let T; be the vec-
tor (T, i=1,...,n;) with C; and Z; defined similarly. Assume that T, C;, and Z; are
independent across centres and (Ty,C;) (k=1,...,K) are independent and identically dis-
tributed with the components of T, and C; conditionally independent given Z;. We observe
Xii = min(Ty;, Cy;) and Ay =1{T;; <Cy;}, the follow-up time and failure indicator, respec-
tively. Let the function Y,(#) represent the at-risk function 7{X;; >t} and denote as #(¢) the
history of failure, censoring and covariate values for the entire kth cluster observed up to time
t. We also assume max; » .-, Ay; > 1, that is, at least one cluster has more than a single failure.

1.2. Conditional versus marginal Cox modelling

In the presence of the dependence induced by centre effects, two distinct approaches are
available: conditional (or centre-specific) and marginal (or population-averaged) models. The
two strategies differ in methods for estimation as well as interpretation. The virtues of each
approach have been extensively debated [9-11].

To highlight the conceptual differences, consider a simple example. Suppose a Cox model
with a single predictor Z, coded 0 or 1, is used to make an unadjusted two-group treatment
comparison in a multicentre clinical trial. The conditional approach explicitly considers centres
in the formulation of the hazard of failure for subject i in centre £:

Ai(t | Zpi) := 1;}?3 W' pr{t < T <t + h| #1(0)} = do(t) exp(B' Zii) (1)

Centre effects are incorporated in equation (1) through the centre-specific baseline hazard
Aok(?). The model is conditional in the sense that the hazard ratio for treatment is with re-
spect to—that is, conditional on—the centre-specific baseline hazard. Specifically, e’ is the
hazard ratio comparing two subjects from the same centre, one treated and one untreated.
More generally, conditional regression parameters model the effects of covariate differences
between two members of the same centre. A key feature of the conditional Cox model is the
decomposition of the hazard into a term for the centre-specific baseline hazard and an expo-
nential term which models the multiplicative effect of covariates on this baseline risk. Variants
of this conditional model arise from postulating different structures for the heterogeneity of
the baseline hazard across centres.

In the marginal approach [12—14], centre effects are ‘averaged out’ by the model. The
marginal hazard of failure for subject i in centre k is

Wit Zi) = 1}3{)1 Wt pr(t < T <t + h| T =1, Zii) = po(t) exp(y Zii) (2)
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In this model, the baseline hazard uo(¢) is not specific to centre, and an averaged effect
of treatment is modelled by the exponential term. Thus the marginal hazard, which does
not explicitly incorporate centre effects, represents the average hazard in the subset of the
population remaining at risk at time ¢, and e’ is the hazard ratio comparing the risk of failure
of two randomly selected members of the population: one treated and one untreated.

Note that while centre effects do not enter (2) explicitly, valid inferences from model (2)
would require that clustering be taken into account. ‘Robust’ Lee et al. [14] standard errors
implemented in some statistical packages are one method for doing this.

The contrast between models is well-illustrated by comparing the marginal hazard that would
be obtained under the gamma frailty model, a mathematically tractable conditional model, with
the hazard under the simple marginal model. In the gamma frailty model, Ao (2)=Erdo(2),
where the &, (k=1,...,K) are centre effects distributed as independent and identically dis-
tributed gamma random variables with mean 1 and variance 0y. The variance parameter is
interpretable as a measure of the heterogeneity across centres in baseline risk. When 0y is
small, then values of ¢ are closely concentrated around 1 and the centre effects are small. If
0y is large, then values of ¢ are more dispersed, inducing greater heterogeneity in the centre-
specific baseline hazards £Ay(¢). The centre-specific baseline hazards are all proportional to
Ao(2).

Under this model, the marginal hazard function can be expressed as the expectation of the
hazard function [15], conditional on being at risk at ¢ and covariate value Zj;; that is

Wt Z)=E(|T=1,2)io(t) exp(B"Z)

Taking the expectation represents an averaging over centre-specific sub-populations. Since the
expectation is conditional on being at risk at time ¢, it constitutes averaging over a subset of the
originally randomized cohort. Because centres with larger values of &, have higher hazards,
smaller proportions of the subsamples from these centres remain at risk at ¢z, lowering the
average hazard among the subsets still in follow-up. To make this more clear, consider the
form of the conditional expectation for the gamma distributed random effect:

EE|T=6Z)={1+0oAo(t)exp(f'Z)} ™

where Ay(2)= fot Ao(s)ds. Clearly, the average frailty value is a decreasing function of time.
The decrease is faster in situations with greater heterogeneity of the centre effects, as measured
by 0o, a higher cumulative baseline hazard Ay(¢), and larger increases in risk due to covariates,
which are modelled by exp(7Z). All these factors accelerate the ‘frailty selection’ which
results from heterogeneity in the baseline risks.

Frailty selection also affects the marginal hazard ratio for treatment. When the data follows
the conditional gamma frailty model (1), the marginal hazard ratio is [16]

wit|Zz=1) ﬁ{ 1 4 0oAo(2) }

w(t|Z=0)  ° |1+ efloho(r) 3)

A critical point here is that under the proportional hazards specification for the conditional
model, the ratio of the treatment-specific marginal hazards is not generally time-invariant;
unless Oy or f is 0, the marginal hazard ratio (3) is a decreasing function of time. Only at
time 0 is the marginal hazard ratio equal to the true conditional hazard ratio e, as ¢ increases
and Ay(z) — oo, the ratio tends to 1.
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Under these conditions, the time-invariant hazard ratio obtained by applying a simple
marginal model is attenuated from the conditional hazard ratio ef. The attenuation is increased
in situations with larger values of 0y, Ao(-), and B, representing the three factors which ac-
celerate frailty selection. Conversely, the attenuation is modest if any of these parameters is
near zero, in that case the centre-specific and population-averaged parameters are relatively
close. Formal expressions and approximations were obtained by Henderson and Oman [17],
who considered the effects of fitting a marginal model to conditional covariate effects. Inter-
estingly, it can be shown that marginal and conditional effects are identical in the accelerated
failure time model.

2. CONDITIONAL MODELS FOR SURVIVAL DATA

In this section we present three approaches to modelling centre effects through conditional
models. All the models we consider have the form

(1) = Ao(t) exp( BT Zi;) 4)

These models allow for variation in baseline risk across centres, but assume that the treatment
effect is the same in all centres. Treatment-by-centre interaction is addressed in Section 3.4.

2.1. The stratified Cox model

The stratified Cox model [18] takes the form of (4) with the K baseline hazard functions
Aok(+), (k=1,...,K) completely unspecified. The hazard functions could have different shapes
with some or all the hazard functions unequal. The lack of structure for the centre effects
makes the stratified Cox model the most general of the three conditional models. Asymptotic
theory for this model is valid for frameworks where n; remains bounded as the total number
of centres K increases, where the cluster size increases with K, and where K is fixed and
ni increases. The ease of computation and the applicability across a wide variety of settings
make the stratified Cox model an appealing tool, especially if clustering is of no intrinsic
interest or if frailties act non-proportionally on the baseline risk.

However, this approach requires discarding a considerable amount of information from
the sample. As in the unstratified Cox model, the baseline hazards Ag play no role in
the estimation. This means that no between-centre comparisons are attempted, and all in-
formation about the treatment effect comes from within-centre comparisons. For a fixed sam-
ple size, the loss of information increases with the number of centres. At the extreme, in
matched pair survival data with one treated and one untreated subject per centre, the estimate
of the treatment effect only uses information from pairs in which one member fails while
the other remains at risk, and the stratified Cox model reduces to a simple—and relatively
insensitive—sign test. This suggests that a method which makes inter- as well as intra-centre
covariate comparisons will be more efficient.

2.2. The fixed effects Cox model

Additional structure can be added to the model (4) by assuming the centres act propor-
tionally on the risk of failure. Specifically, it is assumed that Ao (¢) = & Ao(t) where the &
represent centre effects and A¢(¢) is a single baseline hazard function. In the previous section
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we saw that the gamma frailty model has this form. It can also result from modelling fixed
effects for centre. Arbitrarily setting cluster 1 as the reference cluster, we obtain

Aok(t) = Zo(t) exp{ou } (5)

for (k=1,...,K), with o, :=0. This model can be estimated by including indicator variables
for centre in an unstratified Cox model. When the number of clusters is small relative to
the sample size, this is an attractive approach, especially if the centre effects are of intrinsic
interest. However, large numbers of centres relative to the sample size can cause trouble. The
asymptotics break down when K — oo as N increases. For instance, in a matched pair exper-
iment with 200 pairs, a fixed effects model would entail estimation of 199 centre parameters.
In the context of binary outcomes, this has long been known to result in estimates of the
treatment parameter which are strongly biased away from the null.

2.3. The random effects or frailty model

The random effects or frailty model, like the fixed effects model, assumes centre effects act
proportionally on the baseline risk of failure. However, instead of treating the centre effects as
parameters, the frailty model treats them as a sample from a member of a family of probability
distributions. Here, the hazard for subject i in cluster k is

Jii(t) = Exdo(t) exp(B" Zii) (6)

The frailties (&y,...,Ex) represent the unmeasured factors, independent of the measured co-
variates, which affect centre-specific baseline risks, and are assumed to act multiplicatively on
the average baseline risk Ao(%).

Under the gamma frailty model introduced in Section 1, the frailties are assumed to be
gamma distributed with mean 1 and variance 6. The mean is constrained to 1 to make the
average hazard identifiable. The variance parameter 8, indexes the degree of between-cluster
variability and thus the level of within-cluster dependence. When 6, =0, the frailties are iden-
tically equal to 1. In that setting, centre effects are absent and failures are independent within
as well as across centres. As 0y increases, frailties become more dispersed and dependence
increases. The parameter 6y can be interpreted as a variance component and 1+ 6, as an odds
ratio for failure between members of the same cluster [19]. Under the gamma frailty model,
00/(2 + 6y) is the value of the non-parametric intraclass correlation coefficient, Kendall’s
7. Other frailty distributions include the positive stable [20], inverse Gaussian, compound
Poisson [17] and log-normal frailties [21-23]. All these models can be represented in form
(6) and use a single parameter to index the degree of dependence. Thus these models share
the advantage of parsimony; in contrast to the fixed effects model, the number of parameters
to describe cluster or centre effects does not grow with the number of clusters. In the gamma
frailty model, for example, only 6, needs to be estimated in addition to /.

3. APPLICATION TO MULTICENTRE STUDIES

In this section, we contrast the application of stratified, fixed effects and random effects ap-
proaches to detecting and estimating centre effects as well as treatment-by-centre interaction.
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We review the technical details involved, including methods for fitting various models, and
discuss the relative strengths and weaknesses of the methods in different settings.

3.1. Model fitting and estimation of covariate effects

The stratified Cox model is fit by an extension of standard partial likelihood in which separate
partial likelihoods specific to centre are combined. This means that the Cox model risk sets
are comprised of subjects from one centre only. The stratified log-partial likelihood is

Ki ik:lAki lﬁTZki —log {i exp(S"Z)Y, kj(in)H
=1i= J=

Estimation for the model is straightforward using a Newton—Raphson algorithm in the major
statistical software packages. A potential complication is monotone likelihood, which can
occur in small samples with heavy censoring. This can be mitigated by a penalized partial
likelihood [24] which penalizes extreme values of f.

In the fixed effects model, a reference centre is specified and K — 1 indicator functions
are defined for the other centres. Estimation is again done by maximum partial likelihood,
generally using Newton—Raphson. This is straightforward in principle, but may involve high-
dimensional matrix operations beyond the limits of some software packages. Other complica-
tions can arise. For instance, if all events times in kth cluster are smaller or larger than event
times in all other clusters, then the estimate of oy is —oo or +oo, respectively; if this occurs,
the log-likelihood converges even as the estimate of «; diverges. However, once the model
is fit, estimates for both treatment and centre effects are available and their interpretations
are simple and appealing. In Section 4 we compare the performance of these centre effect
estimates with those of the gamma frailty model.

Frailty models cannot generally be estimated by extensions of partial likelihood. Unless the
frailty distribution is carefully chosen, the likelihood may not have closed form and likelihood
evaluations require numerical or Monte-Carlo approximation. A closed form expression for
the likelihood, when available, may still be complex. For instance, the positive stable model
likelihood involves a polynomial of order s, which is complex for large clusters. Also any
likelihood expressions, closed form or not, involve Ay(-), posing further computational and
theoretical challenges. The computational challenges arise because of maximizing over an
infinite-dimensional parameter space. The theoretical challenges arise because the parameter
space grows with the sample size so standard asymptotic theory is not available to understand
the large sample behaviour.

The gamma frailty model is the most extensively studied model because it largely overcomes
these obstacles. It yields a closed form likelihood which can be readily maximized. The
maximum likelihood estimators have theoretical justification [25-27]. While the asymptotic
theory is based on the number of independent clusters tending to infinity, limited simulation
studies, including ours, suggest that the small-sample performance is good [15].

Until recently, maximum likelihood estimation of the gamma frailty model involved a
conceptually simple but slow EM algorithm [15,28]. However, Therneau and Grambsch [29]
have recently shown that a fast two-step algorithm for maximization of a penalized partial
likelihood converges to the EM maximum likelihood estimates. For the log-normal frailty
model, use of the penalized likelihood is motivated by the Laplace approximation to the full
likelihood, similar to arguments used in the context of generalized linear mixed models [21].
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Both methods for fitting frailty models are now implemented in major software packages.
SAS macros by J.P. Klein implement the EM algorithm for the gamma and positive stable
frailty models, and are available at

http://www.biostat.mcw.edu/SoftMenu.html.

The most recent release of S-plus implements the penalized partial likelihood algorithm for
the gamma and log-normal frailty models.

3.2. Tests for the presence of centre effects

An important preliminary issue is the detection of the presence of centre effects (or
heterogeneity) and then describing them. The stratified Cox model, in which centre-to-centre
variability is treated as a nuisance, does not provide a framework for testing or describing
dependence or heterogeneity. Thus we contrast the fixed and random effects models, which
lead to different tests of independence.

The fixed effects approach parameterizes the centre effects with the parameters (o,...,o0x)
and the null hypothesis of homogeneity is

azz...:a[(zo

This hypothesis can be tested using a likelihood ratio test on K — 1 degrees of freedom. Wald
and score tests are also available, the former included in some major statistical packages. At
least in simpler settings, these tests are less reliable than the likelihood ratio test.

Multiple tests of homogeneity are also available for random effects models. The most
interesting of these are score tests involving the first and second derivatives of the log-
likelihood, evaluated under the null hypothesis of homogeneity. In the gamma frailty model,
this is a test of 8, =0. The resulting test statistic can be simply computed in some statistical
packages using standard output from the Cox model fitting routine. In addition, different
frailty distributions lead to the same test, and the validity of the test is not dependent on
any particular frailty distribution. Nearly identical score tests of homogeneity were proposed
independently by Gray [30,31] and Commenges and Andersen [32].

The performance of fixed versus random effects tests of independence were compared in
extensive simulations studies conducted by Andersen et al [33]. Their simulations showed
that in the fixed effects model, the likelihood ratio test is frequently anticonservative. Andersen
et al. concluded that to give significance levels close to the nominal level, the fixed effects
likelihood ratio test requires many more subjects in each centre than are typically available
in practice. The score test, however, performed well in a broad range of settings and they
recommend its use. A SAS macro by J.P. Klein to implement the Commenges and Andersen
test is available at

http://www.biostat.mcw.edu/SoftMenu.html.

Likelihood ratio and Wald tests of homogeneity are also available for the random effects
models. These tests are computationally more complex and model dependent than the score
test because they require fitting a particular frailty model. Fitting the frailty model, however,
can provide additional useful information. Even if the null hypothesis of homogeneity is not
rejected, the data may be consistent with some level of clustering. By fitting a frailty model,
profile likelihood functions, point estimates, and confidence intervals will provide additional
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information for inference. However, this information may be to an unknown degree model
dependent.

3.3. Estimation of centre effects

For both the fixed effects and frailty models, estimators of the centre effects are available. In
the fixed effects model, these are directly estimated. Specifically, the (relative) centre effects
are estimated by exp(dy) (k=2,...,K). For the frailty model, the individual centre effects
can be estimated by the conditional expectation

Ek =E(¢|Data for the kth cluster)=E(&| #(00))
Nielsen et al. [15] showed that this is equal to

E _ 90_l + Z:’lilAki
0T R exp(BTZu) A o(Xar)

(7)

The estimated frailties, ék, (k=1,...,K) can be obtained by substituting the maximum likeli-
hood estimates of 0y, f and A((-) into equation (7). Like the familiar best linear unbiased pre-
dictor estimates for linear models, the frailty estimates are ‘shrunken’ from the non-parametric
Poisson-type estimator

Z:il Aki
S exp(BTZ ) N o(Xii)

towards the mean value of the mixing distribution, 1. The degree of shrinkage depends on
the amount of data available in the cluster and the value of 0. If the cluster is small or
there is limited follow-up, the estimated frailty will be shrunken closer to 1. Shrinkage is also
greater if 0 is near zero. The estimate 0 incorporates information from the entire sample in
estimating the frailty for each cluster. Analogous empirical Bayes estimators are widely useful
in biostatistics [34].

3.4. Treatment-by-centre interaction

It is plausible that factors which differ by centre may affect the magnitude of the treatment
effect as well as baseline rates of failure. Such treatment-by-centre interaction may reflect
differences in patient characteristics and in implementation of the protocol. Understanding and
modelling treatment-by-centre interaction is a challenging aspect of the analysis of multicen-
tre clinical trials. There are a number of open questions in this area, and work for censored
time-to-event data lags behind developments for continuous and binary data. Issues include
estimation of the (possibly weighted) mean treatment effect, estimation of centre-specific treat-
ment effects, and testing for treatment-by-centre interaction.
A general conditional Cox model for treatment-by-centre interaction has the form

Jai(t) = doi(2) exp(B Zii) (®)
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where Z;; indicates treatment assignment. The vectors (ﬁ T ﬁK) describe the centre-specific
treatment effects. Covariates could be added to this model in the obvious way. The treatment
effect for the kth cluster , can be written as the sum of a mean treatment effect f and a

mean zero random variable wy :=f, — f.

Equation (8) implies two model components. First is a model for the variation in baseline
hazards. As we have seen, choices for the baseline hazard model include a common hazard
function (no centre effects), stratification by centre, and proportional fixed or random effects.
The second component is a model for the centre-to-centre variation in the treatment effect
(a form for f5;). For the latter component, fixed and random effects strategies are potentially
available.

Treating (ﬁl,...,ﬁ,{) as fixed effects is easily implemented with any of the four baseline
hazard specifications. A corresponding K — 1 degree of freedom likelihood ratio test can
be used to test the null hypothesis i, =---= . Moreover, the method of Gail and Simon

[35] provides a test of the more specific alternative hypothesis of qualitative interaction.
However, a fixed effects approach to treatment-by-centre interaction is likely to perform poorly
when the number of clusters is large and there are relatively few subjects per cluster. In
this context, fixed effects estimates of treatment-by-centre would be expected to demonstrate
the same weaknesses as fixed effects estimates of centre-to-centre heterogeneity, including
anticonservative tests, low power and point estimates which can be both biased and highly
variable.

Frailty models where the interaction is modelled as a random effect may be a potentially
useful alternative, in particular for sparse data. These would have the form

Jai = so(t) exp(BZii + nZyi)

where w; (k=1,...,K) could be chosen to follow a log-gamma or normal distribution. Similar
models have been proposed for multicentre binary [36] and continuous data [5]. If the centre
effects are handled using stratification of the baseline hazards and the interaction is modelled
as log-gamma or Gaussian, then the penalized likelihood approach could be used, possibly
with only minor modifications to available software. Furthermore, this approach would allow
for estimation of the mean treatment effect, a test for treatment-by-centre interaction, and
empirical Bayes estimates of the centre-specific treatment effects.

However, a drawback is that random effects models for the interaction cannot be read-
ily implemented in current frailty model implementations, even though such an extension is
straightforward. Furthermore, the model becomes considerably more complicated if the centre
effects are also treated as random. In that case, possible approaches include an additive gamma
frailty model [37], Markov chain Monte Carlo [38] and adaptations of penalized likelihood
[39, 22].

As an alternative, permutation-based statistics for treatment-by-centre interaction have been
proposed [40] for survival data. The major limitation of this method is that it is not a pure
test for treatment-by-centre interaction. It checks for absence of any centre effects (either as a
main effect or as a treatment-by-centre interaction). Thus, the test may reject based on centre
effects even if there is no treatment-by-centre interaction.

A number of strategies developed in other contexts [41-43] might also be adapted for
tests of treatment-by-centre interaction for survival data. For example, Liang and Self [41]
developed tests for homogeneity for sparse, stratified 2 x 2 tables. For censored survival data
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analogous test statistics would take the forms

M=

S8R and Iﬁl{ﬁk(ﬁ)zik(ﬁ)}

where

n AT
> i1 Ziy exp(B Zk)Yi(Xii)
. AT
Yo exp(B Zi) Yia(Xii)

Sk =2} Zi —
i=1

Here, B is the stratified Cox estimate assuming no treatment-by-centre interaction and I k(ﬁ )
is minus the derivative of Sx(-) evaluated at [§ The properties of these tests, including their
null distribution, should be further explored. However, they are relatively simple and involve
quantities which can be easily extracted from a Cox model fit. Liang and Self report good
size and power for similar tests.

Cai et al. [44,45] considered the problem of estimating the unweighted mean treatment
effect f. They used a model with stratified baseline hazards and treatment modelled by fixed
effects, developed an estimating function for f as well as other regression coefficients, and
estimated S by K ”Zf:lﬁk. The estimator is very simple, especially if there are no additional
covariates. In that case, the approach is equivalent to estimating treatment effects separately
for the K centres and averaging the results. With additional covariates, this approach requires
a robust variance estimator to deal with intracluster dependence.

In summary, methods for detecting and estimating treatment-by-centre interaction require
further development. Adaptation of developments in other areas, including tools from binary
data and meta-analysis [46,47], may lead to useful techniques.

4. SIMULATION STUDIES

4.1. Estimation of the treatment effect

Simulations were undertaken to compare the performance of the three centre-specific models
(stratified and fixed effects Cox models, and the gamma frailty model) with respect to bias,
root mean squared error (MSE) and empirical coverage of 95 per cent confidence intervals.
Settings varied with respect to total sample size (N =100, 400), number of subjects per
centre (n=2,10, 20) magnitude of intra-centre dependence, and the frailty distribution. We
also examined the performance of the marginal Cox model in the setting of no centre effects.
No results are presented for the fixed effects model with N =400 and n=2 because the
models did not reliably converge.
Intra-centre dependence was simulated from a general conditional model

Zki(t) = Ao(t) exp(PoZii + &) €))

Note, here we have incorporated frailties on the log scale, a formulation equivalent to (6). We
denote the log-frailties by &, = log(&;) to avoid confusion. The baseline hazard function A¢(¢)
followed a Weibull form with shape parameter 1.3 and scale parameter 5.0 in all settings. In
addition to a simulation with independent data (¢ =0), we generated frailties from the gamma,
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Table I. Comparison of four methods for estimation of treatment effects when failures
across centres are independent (no centre effects).

N =100 N =400
n=2 n=10 n=20 n=2 n=10 n=20

Marginal Cox
Mean f 0.696  0.701 0.694  0.693  0.696 0.693
Root MSE 0255  0.254 0254  0.125  0.125 0.123
95 per cent CI Cov  0.944  0.922 0.840 0944  0.937 0.932

Fixed effects

Mean f§ 1.362 0.770 0.730 0.773 0.730

Root MSE 0.916 0.306 0.275 0.165 0.138

95 per cent CI Cov  0.574 0.922 0.941 0.889 0.932
Stratif Cox

Mean f 0.716 0.703 0.702 0.700  0.698 0.696

Root MSE 0.374 0.288 0.271 0.176  0.140 0.133

95 per cent CI Cov  0.954 0.947 0.948 0.959  0.949 0.951

Gamma frailty
Mean f 0.720  0.709 0.698  0.702  0.700 0.696
Root MSE 0.270  0.258 0256  0.129  0.126 0.123
95 per cent CI Cov  0.942  0.951 0954  0.939  0.947 0.950

inverse Gaussian and positive stable densities, in each case using parameter values that give
Kendall’s 7 of 0.50. For the gamma frailty model this requires a model with shape and scale
parameter of 2; for the inverse Gaussian and positive stable distributions, parameter values
of 5.0 and 0.50 were used, respectively. A simulation was also conducted with a positive
stable frailty with parameter 0.75 (Kendall’s 1=0.25) to examine the effect of the level of
dependence on the estimates.

In all settings the treatment effect parameter [, was log(2)=0.693. Half of the subjects
in each centre were assigned to treatment, reflecting the stratified randomization in most
multicentre clinical trials. Censoring was uniform over 0-0.48, 1.7, 11.5, 0.57 and 0.50 for
the independence, gamma, inverse Gaussian and positive stable (Kendall’s t1=0.50, 0.25)
frailties, respectively. This yielded 30 per cent censoring in each setting.

Table I shows that in the absence of centre effects, the population-averaged Cox model
with a robust standard error [14] is clearly the best analytic choice, except when the number
of centres is small. It is virtually unbiased in all settings. However with only five centres
of size 20, the empirical coverage of the 95 per cent confidence interval is only 0.84. The
stratified Cox model and gamma frailty model show good small-sample performance with
negligible bias and excellent coverage of 95 per cent confidence intervals in all settings.
Because the stratified Cox model uses no intracentre information, it is only approximately
(0.255/0.374)> =46 per cent efficient relative to the standard Cox model when n=2 and
N =100. In contrast, the relative efficiency of the gamma frailty model is good and improves
with centre size, ranging from 0.89 to 0.99. The fixed-effects approach performs the most
poorly. It is computationally intensive in the setting when N =100 and »=2 and was not
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Table II. Comparison of four methods for estimation of treatment effects when centre effects
are gamma distributed.

N =100 N =400
n=2 n=10 n=20 n=2 n=10 n=20

Fixed effects

Mean f§ 1.259 0.753 0.728 0.755 0.719

Root MSE 0.815 0.299 0.275 0.153 0.134

95 per cent CI Cov  0.631 0.926 0.949 0.909 0.940
Stratif Cox

Mean f§ 0.710 0.704 0.708 0.701 0.696 0.694

Root MSE 0.379 0.290 0.275 0.176 0.139 0.132

95 per cent CI Cov 0948  0.952 0953 0959 0954 0.957

Gamma frailty
Mean f 0.683  0.697 0.696  0.695  0.698 0.694
Root MSE 0.296  0.263 0267 0.146  0.132 0.131
95 per cent CI Cov  0.949  0.954 0.948 0946  0.948 0.942

practical when N =400 and n =2. It shows considerable anti-conservative bias which persists
even when the number of subjects per centre is as large as 20. With a small number of centres,
the frailty model is only slightly less efficient than the population averaged model, and gives
confidence intervals with considerably better coverage properties. In a more general sense,
of course, the choice between these alternatives should be based on whether the population-
averaged or centre-specific parameters more directly address the scientific research question.

Table II summarizes the results for gamma distributed centre effects. The models are clearly
ordered in terms of root MSE, with the gamma frailty model having the lowest root MSE
for all values of K and n. The stratified Cox model has the second smallest root MSE, with
negligible bias and confidence interval coverage near nominal levels. The fixed effects model
performs worst, with badly biased point estimates in the setting of two subjects per centre.
With N =400 and n =2, estimates cannot reliably be found.

In Table II, the superior performance of the gamma frailty model fit would be expected,
since the data were generated with gamma frailties. However, the choice of a gamma model
is based on theoretical and computational tractability, not biological plausibility. Thus it is
important to examine the performance of a gamma frailty model when the centre effects
have other distributions. Summarized in Tables III and IV are the results for the inverse
Gaussian and positive stable frailties with overall dependence similar to the gamma frailty
data (Kendall’s 7=0.50). The results are very similar to each other and to the results in
Table II. The ordering of the models by root MSE is the same. The gamma frailty fit has the
lowest MSE and has confidence interval coverage close to nominal levels. There is negative
bias for the gamma frailty fit to both non-gamma models when # is small, but this bias drops
off for n=10 or 20. Again, the fixed effects approach performs poorly except when N is large
and the number of centres is small. In simulations not reported, we found that the pattern
of bias, root MSE and confidence interval coverage holds for a variety of non-gamma frailty
distributions.
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Table III. Comparison of four methods for estimation of treatment effects when centre
effects are inverse gaussian distributed.

N =100 N =400
n=2 n=10 n=20 n=2 n=10 n=20

Fixed effects

Mean f§ 1.258 0.752 0.725 0.751 0.718

Root MSE 0.810 0.291 0.275 0.152 0.134

95 per cent CI Cov  0.631 0.933 0.939 0.912 0.942
Stratif Cox

Mean f§ 0.710 0.705 0.708 0.698 0.697 0.693

Root MSE 0.370 0.286 0.276 0.178 0.140 0.133

95 per cent CI Cov 0955  0.947 0950 0955 0951 0.955

Gamma frailty
Mean f 0.626  0.683 0.695  0.635  0.680 0.687
Root MSE 0.281 0.263 0263  0.150  0.127 0.128
95 per cent CI Cov  0.949  0.949 0951 0930 0.952 0.943

Table IV. Comparison of four methods for estimation of treatment effects when centre effects
are positive stable distributed with parameter 0.50.

N =100 N =400
n=2 n=10 n=20 n=2 n=10 n=20

Fixed effects

Mean f3 1.249 0.751 0.728 0.751 0.720

Root MSE 0.814 0.297 0.283 0.154 0.137

95 per cent CI Cov  0.641 0.939 0.942 0.913 0.938
Stratif Cox

Mean f 0.706 0.704 0.709 0.696 0.697 0.696

Root MSE 0.373 0.289 0.285 0.181 0.143 0.136

95 per cent CI Cov 0953  0.954 0948 0954 0953 0.950

Gamma frailty
Mean f 0.620  0.679 0.689  0.633  0.679 0.689
Root MSE 0291  0.269 0268  0.153  0.132 0.129
95 per cent CI Cov  0.944  0.947 0950  0.933  0.948 0.949

In Table V, we show results for the positive stable model with lower overall dependence
(Kendall’s t=0.25). The lower level of dependence does not appreciably affect the fixed
effects or stratified models. There is a slight improvement in the bias of the gamma frailty
model when n=2. However, the overall ordering of root MSE is unchanged.

In summary, the fixed effects model is biased in any setting where K is large and »n is
small. In addition, the fixed effects approach proved to be generally the most computation-
ally demanding method. In contrast, the simulations suggest that both the gamma frailty and
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Table V. Comparison of four methods for estimation of treatment effects when centre effects
are positive stable distributed with parameter 0.75.

N =100 N =400
n=2 n=10 n=20 n=2 n=10 n=20

Fixed effects

Mean f§ 1.298 0.758 0.730 0.759 0.723

Root MSE 0.849 0.294 0.274 0.157 0.135

95 per cent CI Cov 0.603 0.933 0.943 0.906 0.939
Stratif Cox

Mean f3 0.706 0.704 0.706 0.696 0.697 0.695

Root MSE 0.366 0.284 0.274 0.178 0.139 0.133

95 per cent CI Cov 0.953 0.954 0.950 0.956 0.952 0.953

Gamma frailty

Mean f 0.653 0.689 0.686 0.664 0.686 0.690
Root MSE 0.276 0.262 0.260 0.137 0.129 0.128
95 per cent CI Cov 0.947 0.953 0.952 0.941 0.951 0.945

stratified Cox model estimates are nearly unbiased and have good nominal confidence inter-
val coverage in all settings studied. The efficiency of the stratified approach is dependent on
centre size, while the efficiency of the gamma frailty model is competitive in nearly every
setting. Even at independence, the frailty model is at least 89 per cent efficient relative to the
standard Cox model.

4.2. Estimation of centre effects

We also performed a more limited simulation study of the fixed effect and gamma frailty
estimators of the centre effects, in the setting with N =100 total subjects and n=2,10,20 and
50 subjects per centre. Centre effects were generated from the positive stable distribution with
parameter 0.50. We also studied complete independence with ¢=0. We simulated 5000 data
sets and calculated the root MSE of the centre effect estimates in each setting. The frailty
estimates are scaled to have mean 1, while the fixed effects estimates are scaled relative to the
first centre. To make them comparable, the log-frailties (é;,...,¢,) were scaled to &; =¢; — &,
(j=2,...,n).

The results are displayed in Table VI. They show that the gamma-based estimators are
appreciably closer to the true centre effects, despite the fact that the centre effects are markedly
non-gamma distributed. The fixed effects approach, which makes no assumptions about the
distribution of the centre effects, is more precise for smaller centre effects and as the number
of subjects per centre increases. However, even in a setting with two moderately large centres,
the gamma frailty approach does better. This superior performance exemplifies the well-known
result of James and Stein [34,48,49] for empirical Bayes or shrinkage estimators.
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Table VI. Comparison of average root MSE of estimates of the magnitude of centre effects (gamma
frailty versus fixed effects): using positive stable frailty distribution with parameter 0.50 and N = 100.

Positive stable frailty Independence
Gamma frailty Fixed effects Gamma frailty Fixed effects
2/centre 1.83 3.61 0.0767 2.53
10/centre 0.773 1.41 0.0590 0.568
20/centre 0.576 0.737 0.0473 0.372
50/centre 0.427 0.520 0.0296 0.196

5. DATA EXAMPLE

Raloxifene is a selective estrogen receptor modulator which blocks estrogen in the breast and
endometrium and has estrogen-like effects on bone and lipids. Hence, it may have multiple
beneficial effects including the prevention of breast cancer and fractures. The randomized
clinical trial, multiple outcomes of raloxifene evaluation (MORE) [50], began in 1994. The
study enrolled post-menopausal women aged at most 81 years with clinical or radiographic
evidence of osteoporosis. The subjects were randomized to either placebo, raloxifene 60 mg
1/day, or raloxifene 60 mg 2/day. In the data analyses, the two raloxifene dose groups were
combined. The study randomized 7705 women (5126 to raloxifene and 2576 to placebo) at
174 clinical centres in 25 countries. Centre size ranged from 2 to 743 subjects.

Subjects were followed for multiple outcomes including the development of a new frac-
ture during the follow-up period. Here, we compare the time to ankle fracture between the
raloxifene and placebo groups. The study ascertained 62 incident fractures during the 4-year
follow-up period: 28 on placebo and 34 on raloxifene. The range of event times was 4.5—42
months, with the bulk of events (50/62, 80 per cent) occurring between 32 and 36 months
of follow-up. Ankle fractures per centre varied between 0 and 9/centre, with no events at
136/174 (78 per cent) centres.

The four methods in the paper give slightly different results. The working independence
estimator of the log-relative hazard of fracture on the combined raloxifene groups compared
to placebo is —0.529 with a robust standard error (SE) of 0.211 (p=0.012). However, the
stratified Cox estimate is —0.471 with a SE=0.271 (p=0.08) and the fixed effects Cox
estimate is —0.459 with SE=0.262 (p=0.08). The difference between these estimates may
reflect discrepancies between the marginal and conditional parameters or the poor performance
of these methods in a setting with many centres. The frailty based estimate is —0.526 with
a SE of 0.257 (p=0.04). Here, the frailty model is particularly useful because it provides
a direct estimate of the strength of centre effects. The estimated 6 is equal to 0.46. Hence,
it appears the centre effects are weak and that the marginal results are more credible than
the fixed effects or stratified models, which we expect to perform poorly in this setting. In
Figure 1, we plot the profile likelihood for 0, which suggests that while centre effects do not
appear strong, the 95 per cent confidence interval for 0 ranges from independence to 4.30.

In this study, most centres had no events. The stratified Cox model discards these centres
entirely and they contribute no information on the treatment effect. The working-independence
approach uses all subjects regardless of centre membership. The fixed effects and frailty models
use information from centres with no events but downweight their emphasis. The frailty model
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Figure 1. The profile log-likelihood in O for the MORE ankle fracture data. The intersection of the
horizontal line with the likelihood marks the 95 per cent confidence interval in 0.

dampens more gently, basing the degree of cross-cluster comparison on the amount of cluster-
level variation. Here, the 0 is small and the frailty estimate is almost identical to the working
independence estimate. The fixed-effect model behaves like a frailty model with a large value
of 6 and emphasizes within-centre comparisons more than across-centre comparisons.

The frailty model provides estimates of the frailties or failure rates in the various clinical
centres, which are ‘smoothed’ in inverse proportion to the information available from each.
Figure 2 is a scatterplot of log estimated frailties for each centre against the (log) estimated
overall fracture rate. The size of the plotting symbol is inversely proportional of the SE.
Here, we have excluded centres with no reported fractures. Values to the left of the diagonal
line indicate centre-specific estimates of failure rate which are lower than their corresponding
frailty estimate, while values to the right of the line have centre-specific fracture rates which
are larger. Extreme values of failure rates are shrunk toward the overall failure rate with small
centres (indicated by the smaller plotting symbols) pulled more strongly to the mean.
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Figure 2. Plot of (log) estimated centre effect estimated based on a gamma frailty model against
the estimated centre-specific (log) ankle fracture rate in MORE.

6. DISCUSSION

This paper has surveyed approaches to multicentre clinical trials for censored time to event
data. We illustrated both conceptually and through simulations that random effects modelling
can be a useful tool in those settings.

In previous reviews, authors have suggested that the primary criterion in selecting between
fixed and random effects approaches is interpretation [1,8,51]. That is, fixed effects should
be used when inference is intended only to apply to the selected centres. If inferences are
intended to apply more generally, then it is natural to approach the data using random effects.

We find that in a broad range of settings, the gamma frailty model, an example of the
random effects approach, produces estimates with lower MSE than the fixed effects or stratified
approaches. In addition, our simulations suggest that misspecification of the frailty distribution
may not greatly disturb the performance of the regression coefficient estimators, despite the fact

Copyright © 2004 John Wiley & Sons, Ltd. Statist. Med. 2004; 23:369-388



386 D. V. GLIDDEN AND E. VITTINGHOFF

that different frailty distributions can lead to appreciably different association structures [52]
detectable in practical sample sizes [53]. The lack of sensitivity is consistent with analogous
theoretical and numerical results for generalized linear models [54]. This suggests that the
gamma frailty approach is a good choice in terms of performance even when the random
effects interpretation is not appealing.

Our review also shows that approaches to treatment-by-centre interaction are less well-
developed for survival data than for binary data and meta-analysis. Adapting approaches from
these areas should be straightforward and lead to useful new methods.

Until recently, user-friendly widely available software was not available for fitting the
gamma frailty model. However, the penalized likelihood framework has greatly simplified
computation of the maximum likelihood estimator. With the recent implementation of the
penalized likelihood approach in S-plus, the gamma frailty approach is now a practical real-
ity for data analysis. Some gaps remain, especially in the use of random effects models for
treatment-by-centre interaction. The development of computation and theory for such extended
frailty models is a useful area for future development.
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