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Outline

� Multistate Event Data (MED)

correlated, structured events in 1 subject

� A summary for MED

‘event probabilities’

� Nonparametric estimation

product integration of transition rates

� Asymptotic theory

� Numerical studies

� Reflections
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Multistate Event Data

� Subjects at risk for multiple events

e.g., illness and death
� Data is stochastic process

process value = subject’s state

� Events have a ‘longitudinal’ structure

� Analysis should account for clustering
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An Example

� AIDS Clinical Trial (ACTG021)

� Two treatments for recurrent pneumonia (PCP)

� Subjects at risk for death and/or pneumonia

� Can be represented a stochastic process,X(t)

value ofX(�) ’codes’ the states

� Transitions likely non-Markov
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Multistate Representation

Alive,
prior to

PCP
recurrence

Dead,
prior to

PCP
recurrence

Dead,
following

PCP
recurrence

Alive,
with PCP

recurrence

State 1 State 2

State 3 State 4
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Summaries for MED

� Aalen-Johansen:
P jk(s; t) := pr[X(t) = kjX(s) = j]

prob of moving fromj at s to k at t

�

P (s; t)
	

jk = P jk(s; t)

� My interest:
Pk(t) := P1k(0; t) = pr[X(t) = k]

prob of being in statek at t

P(t) top row ofP (0; t)

� My objective:
EstimateP(t), non-Markov rt-censoredX(�)
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The Function P(t)

� P(t) = fP1(t); : : : ;PK(t)g; t 2 [0;τ]

� Pk(t) = prfX(t) = kg

prob subject in statek at timet

� Examples: survivor fn, cumulative incidence fn

Temkin’s ‘prob of being in response’ fn

� Simple, interpretable, fully marginal
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My Work

� EstimateP(t) for rt. censored, non-MarkovX(�)

� Motivate Markov estimator for non-Markov data

Aalen/Johansen (AJ) Estimator

� Show AJ estimator is consistent, Gaussian

� Develop robust confidence bands

� Evaluate performance in simulations

� Illustrate the method in practice
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Data and Notation

� Xi(t) : state of subjecti at timet

X(0) = 1; i = 1; : : : ;n; t 2 [0;τ]

� p: K dim row vector,pk = prfX(0) = kg

� X(�) takes values inf1; : : : ;Kg

� Ni jk(t) = #fs� t;Xi(s�) = j;Xi(s) = kg; ( j 6= k)

number of moves fromj to k for subjecti by t

� Yi j (t) = IfXi(t�) = jg

indicatesXi(�) was in statej prior to t
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More Notation

� Let Ni(t) beK by K matrices, (i = 1; : : : ;n)

� fNi(t)g jk = Ni jk(t); ( j 6= k)

� Ni j j (t) :=�∑k6= j Ni jk(t); ( j = 1; : : : ;K)

� Let YiI (t) beK by K diagonal matrices

� fYiI (t)g j j =Yi j (t); ( j = 1; : : : ;K)

� N̄(t) := n�1∑n
i=1Ni(t), ȲI (t) := n�1∑n

i=1YiI (t)

� Ft = σfXi(s);0� s� t; i = 1; : : : ;ng

increasingσ-algebras generated by history of process
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Aalen & Johansen (1978)

� Ajk(dt) = EfNjk(dt)jFt�g; ( j 6= k)

� Aj j (t) =�∑k6= j Ajk(t), ( j = 1; : : : ;K)

� A(t), K by K matrix

� Âjk(t) =
R t

0 Ȳ�1
j (s)N̄jk(ds), Â(t) =

R t
0 Ȳ�1

I (s)N̄(ds)

� P (s; t) =

(s;t]
(I +dA)

product integration,I identity matrix

� P̂ (s; t) =

(s;t]
(I +dÂ)
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The (Matrix) Product Integral

� Denoted

� G: a Borel measure on(0;τ], G(t) := Gf(0; t]g

� The product integral over(0; t] is

lim
maxjti�ti�1j!0

Πn
i=1fI +G(ti)�G(ti�1)g ;

� 0= t0 < t1; : : : ; tn = t is a partition of(0; t]

� Π, matrix multiplication

� Gill & Johansen (1990)Ann. Statist.
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Aalen & Johansen’s Results

� Âjk(t)�Ajk(t) is a (Ft)-martingale

� Âjk(t) consistent, Gaussian

� Gill & Johansen (1990)

– continuity of implies P̂ (s; t) consistent

– compact diff of impliesP̂ (s; t) Gaussian
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Non-Markov Data

� Pepe and Cai: ’partly conditional transition rate’

Λ jk(dt) = EfNjk(dt)jYj(t) = 1g; ( j 6= k)

� Λ j j (t) :=�∑k6= j Λ jk(t)

� Markov data:Λ jk(dt) = Ajk(dt)

� Non-Markov data:Λ jk(dt) = EfAjk(dt)jYj(t) = 1g

� Λ jk(dt), transition rate fromj at t� to k at t

� Λ(t): aK by K matrix
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Λ(t) and P(t)

� EfNjk(dt)g= Pj(t�)Λ jk(dt)

� 1(X(t) = k) = 1(X(0) = k)+∑K
j 6=kfNjk(t)�Nk j(t)g

� Taking expectations

Pk(t) = pk+∑K
j 6=k

R t
0fPj(s�)Λ jk(ds)�Pk(s�)Λk j(ds)g

= P(t) = p+
R t

0 P(s�)Λ(ds)

� By Gill and Johansen

P(t) = p

(0;t]
�

I +dΛ

�
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Nonparametric Estimation

� Pepe & Cai (1993) proposed

Λ̂ jk(t) =
R t

0 Ȳ�1
j (s)N̄jk(dt),

� Λ̂(t) =
R t

0 Ȳ�1
I (s)N̄(ds)

� Let P̂(t) = p

(0;t]
�

I +dΛ̂)

� P̂(t), matrix product over obs. event times

� Censoring absent:̂Pk(t) = n�1∑n
i=11fXi(t) = kg
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P̂(t) is the Aalen-Johansen Estimator

� Λ̂(t) =
R t

0 Ȳ�1
I (s)N̄(ds) = Â(t)

� A(t) := Λ(t) only when data Markov

� Thus,Λ̂(t) = Â(t) butΛ(t) 6= A(t)

� Note,P̂(t) = top row ofP̂ (0; t), implies

� P̂(�) is the Aalen-Johansen estimator ofP(�)

� Motivated the Aalen-Johansen w/o Markov assumption
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Consistency ofP̂(t)

� N (t) := EfN̄(t)g, YI (t) := EfȲI(t)g

� By Glivenko Cantelli

supjN̄�N j ! 0; supjȲI �YI j ! 0

� That implies

supjΛ̂�Λj ! 0

� Continuity of implies supkP̂k�Pkk! 0,

(k= 1; : : : ;K)
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Weak Convergence

p

n(P̂�P)(t) asymp equiv toW(t) := n�

1
2 ∑n

i=1Φi(t)

Φi(t) = p

Z t

0

(0;s)
(I +dΛ)Ψi(ds)

(s;t]
(I +dΛ)

W(t)) G(t), aK-dim Gaussian process on(0;τ]

Ψi(t) =
Z t

0
Y �1

I (s)fNi(ds)�YiI (s)Λ(ds)g ;

covfG j(s);Gk(t)g= ξ jk(s; t) = EfΦ1 j(s)Φ1k(t)g;

G j(t) jth element ofG(t), Φ1 j(t) jth element ofΦ(t)
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A Useful Process,W̃(t)

� For arbitrary processesξ jk(s; t) is not a simple function

� Not analytically tractable

� DefineW̃(t) = n�

1
2 ∑n

i=1Φ̂i(t)Zi

� Φ̂(t) estimate ofΦ(t)

� Z1; : : : ;Zn are iid N(0,1), indep of data

� W̃(t) has same limiting distn as

p

n(P̂�P)(t)

� W̃(t) can be obtained by simulation
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Approximating

p

n(P̂�P)

� W̃(t) can be obtained by simulation

� Generate N(0,1)(z1m; : : : ;znm) (m= 1; : : : ;M)

� W̃(m)(t) = n�

1
2 ∑n

i=1Φ̂(t)zim

� Idea due to Lin et al. (1993)

� Can use to develop confidence bands for

p

n(P̂�P)

Hall-Wellner (HW) or equal precision (EP) bands
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Simulation Studies

� Studied two multistate models

illness death, 2 state with return

� Examined point estimation

Markov data and Non-Markov data

compared with ’naive’ estimator

� Looked at confidence band coverage

� Variety of sample sizes, censoring %
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AIDS Example Set-Up

Alive,
prior to

PCP
recurrence

Dead,
prior to

PCP
recurrence

Dead,
following

PCP
recurrence

Alive,
with PCP

recurrence

State 1 State 2

State 3 State 4
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Point Estimation

� Considered PCP example, state 2

� Generated non-Markov data

� P̂2(t), proportion alive with pneumonia

� Naive: prop in state 2 among those uncensored att

� Aalen-Johansen approximately unbiased

� AJ does well w/smalln, heavy censoring

� 5,000 simulations
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Bias: n= 50, 50% censoring
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Two state model with return

State 1 State 2
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Two-State Simulations

� Mixing dist to generate Non-Markov

� ξi ,(i = 1; : : : ;n) latent random effect

� ξ Gamma rv, mean 1 varθ

� EfNi12(dt)j(Ft�);ξig= α1ξi , t 2 [0;1]

� EfNi21(dt)j(Ft�);ξig= α2ξi , t 2 [0;1]

� θ=0, Markov

� Usedθ = 0;2;4
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Confidence Band Coverage

� Empirical coverage of equal precision bands

� M=500, simulations fromW̃(�)

� Two-state setting

� With & without continuity correction (cc vs ncc)

� Effect of sample sizen

� Effect of dependence between transitions

� 25% censoring, 5,000 simulations
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Empirical Coverage

(5000 Simulations)

nobs

θ=0 θ=2 θ=4

50

cc 0.94 0.95 0.96

ncc 0.93 0.94 0.96

100

cc 0.95 0.95 0.95

ncc 0.94 0.94 0.95

200

cc 0.95 0.95 0.95

ncc 0.95 0.95 0.95

Slide 28



Estimation for Non-Markov Multistate Event Data 15

AIDS Example

� AIDS Clinical Trial (ACTG021)

� Two treatments for recurrent pneumonia (PCP)

� TS: Trimethoprim Sulfmethoxazole

daily oral antibiotic

� AP: Aerosolized Pentamidine

monthly inhaled rx

� 310 subjects: 154 TS, 156 AP
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ACTG 021 – State 1
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ACTG 021 – State 2
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ACTG 021 – State 3
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ACTG 021 – State 4
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Discussion

� Aalen Johansen estimator is ’robust’

� Comparison with Wei (1989) natural

‘working independence’ consistent for popn parameters

� Naive ’pointwise’ bands have correct coverage

� Can relax assumptions

X(0) = 0 ands= 0

� P(�): population prevalence

has advantages, disadvantages
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